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Abstract. The conformal structure of Schwarzschild’s space-time is analytically extended
through the hypersurfaces at null infinity. The space-times on the other side of infinity
are conformally isometric to Schwarzschild’s space-time with negative mass. Analogous
analytic conformal extensions of any analytic asymptotically flat space-times can be made.

1. The analytic extension through $*

In retarded null coordinates, Schwarzschild’s metric assumes the form
ds’=(1-2m/r)du®+2 du dr—r*(d8°+sin 4 do?) (1)

where m >0, —0o<u <0, 0<r<0, (4, ¢)e S*. The conformal structure determined
by the metric (1) consists of all metrics 0% ds? with O #0. Defining {=1/r and
multiplying the metric (1) by /* gives

I*ds®=1*(1-2mi)du® -2 du d/ — (d6*+sin’ 6 do?). 2)

The hypersurface # ™ at future null infinity is given by / =0 in (2). The metric (2) can
be analytically extended by allowing / to take on negative values, and in this way we
have analytically extended the conformal structure of the original Schwarzschild metric.

What is the space-time on the other side of #7? Undoing the conformal rescaling
above, we now have the metric

ds?=(1-2ml)du®-21"*du dl = 1"*(d@*+sin 6 d¢?) (3)

where —c0 </ < 0. Introducing new coordinates 7' = —/ "', v' = 4 and definingm’' = —m
the metric (3) becomes

ds”?=(1-2m'/r'ydv? =2 dv' dr' —r*(d8%+sin® 6 dé?) (4)

where 0<r'<00 and ~0 <v’'<©. We recognise (4) as again being Schwarzschild’s
metric, but in advanced null coordinates and, since m’' <0, with negative mass. We
see also that the hypersurface #* at future null infinity of the original Schwarzschild
space-time now appears as the hypersurface #~ at past null infinity for the Schwarz-
schild space~time with negative mass. The space-times described by the metrics (1)
and (4) are disconnected. On the level of their conformal structure, however, each
is an extension of the other.
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2. Gilobal considerations

It is entertaining to construct possible maximal conformal extensions of Schwarz-
schild’s space—time. We begin with the well known Kruskal-Penrose diagram (Penrose
1968), figure 1, in which the shaded domain is that covered by the retarded null
coordinates of metric (1). The corresponding diagram for the metric (4) is that of
figure 2. Figure 3 shows the extension described in § 1.

There are exactly two maximally unambiguous conformal extensions of the space-
time of figure 3. These are shown in figure 4. Each of the space-times in figure 4
can be maximally extended in infinitely many different ways. A particularly simple
conformally inextensible conformal extension of Schwarzschild’s space-time is that

Figure 1. The Kruskal-Penrose diagram of maximally extended Schwarzschild space-time.
The double lines indicate the hypersurfaces at past and future null infinity. The open
circles indicate that these points are absent from the manifolds. The topology of the
space-time is that of the figure (R?) times the the two-sphere (S?).

Figure 2. The Kruskal-Penrose diagram of negative-mass Schwarzschild space-time.

Figure 3. Region I of figure 1 has been conformally extended through $™.
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of figure 5. The space-time of figure 5 is invariant under discrete translations in the
time direction which preserve the pattern. Identifications can be made using this
translation. In particular, the smallest inextensible conformal extension of Schwarz-
schild’s space-time is shown in figure 6. The largest inextensible conformal extension
of Schwarzschild’s space-time (whose diagram we shall not attempt to draw) is the
universal covering space of the space-time of figure 6.

LER

Figure 4. Figure 3 can be conformally analytically extended in two different ways before
identification ambiguities can arise.

LEL

Figure 5. A simple maximal analytic extension. The pattern extends infinitely far into
past and future.
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N

Figure 6. The simplest (acausal) analytic conformal extension of Schwarzschild space-time.

3. Miscellaneous remarks

The conformal structure of the analytic conformal extensions of figure 1 is not
continuous at the points labelled i, i°, i*. This is in contrast to the case of fiat
space-time, in which the universal covering space of the maximal conformal extension
is the Einstein universe (Kuiper 1949, Schmidt 1974). The regular point i° at
space-like infinity of one conformal copy of flat space-time in the Einstein universe
is at the same time the point i /" at past/future time-like infinity for that conformal
copy of flat space-time reached by extending through #*/~ of the original copy.
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We see an analogous situation in the case of conformal extensions. of Schwarz-
schild's space-time. The point i° at space-like infinity of the original Schwarzschild
space—time is at the same time the point at past/future time-like infinity of the negative
mass conformal extension through £/~ of the original space-time.

For space-times admitting convergent Bondi expansions, analogous conformal
extensions can be made. The space-times on the other side of # are conformally
isometric to the space-times obtained from the originals by reversal of the signs of
coefficients of odd powers of 7~ in the Bondi expansions. Examples are the space—

times of Reissner and Nordstrgm, Kerr and Bonnor and Swaminaryan (see Bi¢dk
1968).
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